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Abstract. Variable selection or feature ranking is a problem of fundamental importance in modern scientiﬁc research where data sets comprising hundreds of thousands of potential predictor features and only a
few hundred samples are not uncommon. This paper introduces a novel
Bayesian algorithm for feature ranking (BFR) which does not require
any user speciﬁed parameters. The BFR algorithm is very general and
can be applied to both parametric regression and classiﬁcation problems.
An empirical comparison of BFR against random forests and marginal
covariate screening demonstrates promising performance in both real and
artiﬁcial experiments.

1

Introduction

Variable selection or feature ranking is a problem of fundamental importance in
modern scientiﬁc research where data sets comprising hundreds of thousands of
potential features and only a few hundred samples are not uncommon. In this
setting, popular methods for importance ranking of features include the nonnegative garotte [1], the least angle shrinkage and selection operator (LASSO) [2]
and variants [3–5] as well as algorithms based on independence screening [6, 7].
The availability of computationally eﬃcient learning algorithms for LASSO-type
methods [8, 9] has made this approach particularly common in the literature. In
addition, the LASSO and its variants ﬁt all the covariates simultaneously, taking into account the correlation between the covariates, in contrast to marginal
methods that examine each covariate in isolation.
An important issue with the application of LASSO-type methods for variable
selection is how to specify the regularization or shrinkage parameter which determines the actual ranking of variables [10]. This is a highly challenging problem
where a model selection method such as cross validation (CV) can lead to inconsistent results [11]. The problem may be circumvented by framing the LASSO in
a Bayesian setting [12, 13] where the regularization parameter is automatically
determined by posterior sampling. However, Bayesian LASSO-type algorithms
cannot fully exclude any particular variable and thus do not provide an automatic importance ranking for the candidate features.
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This paper presents a novel Bayesian algorithm, henceforth referred to as
BFR, for variable selection in any parametric model where samples from the
posterior distribution of the parameters are available. The new algorithm (see
Section 2) computes an importance ranking of all observed features as well as
credible intervals for these feature rankings. The credible intervals can then be
used to remove features from further analysis that contribute little to explaining
the data. The algorithm is very general, requires no user speciﬁed parameters and
is applicable to both parametric regression and classiﬁcation problems. The BFR
algorithm is compared against random forests [14] and independence screening
by generalized correlation [7] in Section 3. Empirical tests using artiﬁcially generated data as well as real data demonstrate excellent performance of the BFR
algorithm.

2

Bayesian Feature Ranking (BFR) Algorithm

Given a data set comprising n samples
D = {(x1 , y1 ), (x2 , y2 ), . . . , (xn , yn )},

(1)

where xi ∈ Rp and yi ∈ R, the task is to select which of the p covariates, if any,
are relevant to explaining the target y = (y1 , . . . , yn ) . The target variable is
assumed to be either real (regression task) or m-ary (classiﬁcation task, m ≥ 2),
and to belong to the generalized linear family of statistical models with coeﬃcients θ ∈ Θ. Arrange the covariates into an (n × p) matrix X = (x1 , . . . , xn ) .
Without any loss of generality, we assume that the covariates are standardised
to have zero mean and unit length, that is,
n


Xij = 0,

i=1

n


2
Xij
= 1.

(2)

i=1

Furthermore, we assume that there exists B > 0 samples {θ1 , θ2 , . . . , θB } from
the posterior distribution p(θ|X, y) of the coeﬃcients given the data.
The BFR algorithm proceeds by ranking the p covariates based on the absolute magnitude of the parameters in each posterior sample. That is, given a
posterior sample θi , the parameters are ranked in descending order of |θij | for
j = 1, 2, . . . , p. This process requires that the covariates are standardised as in
(2) so that the absolute magnitude of some parameter θij is an indication of
the amount of variance explained by the corresponding column of the design
matrix (Xkj , k = 1, . . . , n). The motivation for this comes from the fact that in
a linear regression model, the amount of variance explained by covariate j with
associated parameter θj is
 n


2
2
Xkj .
θj
k=1

Due to the fact that we have standardised the covariates to have unit length, the
amount of variance explained reduces simply to θj2 . This implies that ranking
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covariates in decreasing order of absolute magnitude of their associated coeﬃcients is equivalent to ranking them in descending order of variance explained.
The ranking process is repeated in turn for each of the posterior samples, resulting in B possible rankings of the p covariates. The ﬁnal ranking of the covariates
is determined from the complete set of rankings based on the empirical 75th
percentile of each of the B possible rankings. Furthermore, the set of rankings
can also be used to compute Bayesian credible intervals for the inclusion of each
covariate. The BFR procedure is formally described in Algorithm 1.

Algorithm 1. BFR algorithm for feature ranking
Input: standardised feature matrix X ∈ Rn×p , standardised target vector y ∈ Rn
Output: feature ranking r̃ = (r̃1 , r̃2 , . . . , r̃p ) (1 ≤ ri ≤ p), credible intervals
1: Obtain B samples {θ1 , θ2 , . . . , θB } from the posterior distribution, θ|X, y
θi ∼ θ|X, y
2:
3:
4:
5:
6:

(3)

b ← B/10 {number of burnin samples}
t ← 5 {tempering step}
Initialise ranking matrix R = (r1 , r2 , . . . , rp ) = 0p×B , ri ∈ Rp
for i = b to B step t do
Sort θi = (θi1 , θi2 , . . . , θip ) by absolute magnitude |θij | in descending order
1.
Denote the sorted parameter vector
∗
∗
∗ 
, θi2
, . . . , θip
)
θi∗ = (θi1

7:

Compute ranking ri = (ri1 , ri2 , . . . , rip ) from θi∗ for all p features
1.
The rank of feature j is rij , where 1 ≤ rij ≤ p
∗
| determines rank of feature j
2.
Absolute value of |θij
∗
∗
|, ∀j = j 
3.
If rij  = 1 then |θij  | ≥ |θij

8: end for
9: For each feature, compute the 25th and 75th rank percentiles using rank matrix R
10: Compute the ﬁnal feature ranking, r̃, using R
1. Sort the 75th percentiles for each feature in ascending order
2. Final rank of feature j is r̃j , where 1 ≤ r̃j ≤ p
3. If r̃j  = 1 then 75th percentile for feature j is smaller than all j = j 
11: Compute 95% CI for features from 2.5th and 97.5th percentiles of R

The algorithm begins by choosing which of the posterior samples will be used
for ranking of the p covariates. The ﬁrst ten percent of the initial posterior
samples are discarded as burnin and then every t = 5th sample is used for the
ranking method (Lines 1–3). The covariates are ranked based on the absolute
magnitude of the parameters for each accepted sample, resulting in a set of possible rankings for the p covariates (Lines 5–8). The ﬁnal ranking of the covariates,
based on the 75-th percentile, and the 95% credible interval are computed in
Line 10 and Line 11, respectively. The algorithm does not specify the type of
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sampler that should be used to generate the B posterior samples since, in theory,
any reasonable sampling approach should result in a sensible covariate ranking
procedure. This is furthed discussed in Section 3.

3

Discussion and Results

The BFR algorithm is now empirically compared against two popular feature
selection methods: (i) random forests (RF) with default parameters [14], and
(ii) independence screening by generalized correlation (HM) [7]. As this is a
preliminary investigation of BFR, the empirical comparison will concentrate on
the problem of covariate selection in the linear regression model. A Bayesian ridge
regression sampler was chosen for the implementation of the BFR algorithm as it
is: (i) similar to the commonly used method of least squares, and (ii) applicable
when the number of covariates is greater than the sample size. The hierarchy
depicting the Bayesian ridge regression [13] is
y|X, β, σ 2 ∼ Nn (Xβ, σ 2 In ),
β ∼ Np (0p , σ 2 /λ2 Ip ),
σ 2 ∼ σ −2 dσ 2 ,
λ ∼ Gamma(1, 0.01),
where β ∈ Θ ⊂ Rp are the regression parameters, σ 2 is a normally distributed
noise variable and λ is the ridge regularization parameter.
The three ranking methods will be compared on simulated data, where the
true covariate set is known in advance, as well as two real data sets. The complete
simulation code was written on the MATLAB numerical computing platform and
is available for download from www.emakalic.org/blog.
3.1

Simulated Data

The BFR, RF and HM ranking methods are now compared on three linear
regression functions borrowed from the simulation setup in [6]. For each of the
three functions, we generated 100 data sets, with each data set comprising n = 50
samples and p = 100 covariates. All the generated data sets were standardised
such that each covariate had a mean of zero and unit length. Noise was added
to the target variables such that the signal-to-noise ratio (SNR) was in the set
{1, 8}. The functions used for testing are detailed below.
(Function I). The generating regression coeﬃcients were
β ∗ = (1.24, −1.34, −1.35, −1.80, −1.58, −1.60, 0p−6) ,
where 0k is a k-dimensional zero vector. All predictors xi
(i = 1, 2, . . . , p) were generated from the standard Gaussian
distribution, xi ∼ Nn (0, 1).
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(Function II). The generating regression coeﬃcients were
√
β ∗ = (4, 4, 4, −6 2, 0p−4 ) .
The predictors were marginally distributed as per a standard
Gaussian distribution, xi ∼ Nn (0,
√ 1); the correlation between
predictors was corr(Xi , X4 ) = 1/ 2 for all i = 4; corr(Xi , Xj ) =
1/2 if i and j were distinct elements in {1, 2, . . . , p}\{4}.
(Function III). The generating regression coeﬃcients were
√
β ∗ = (4, 4, 4, −6 2, 4/3, 0p−5 ) .
The predictors were marginally distributed as per a standard
Gaussian distribution, xi ∼ Nn (0, 1); the correlation between
predictors
was corr(Xi , X5 ) = 0 for all i = 5, corr(Xi , X4 ) =
√
/ {4, 5} and corr(Xi , X4 ) = 1/2 if both i and j
1/ 2 for all i ∈
were distinct elements in {1, 2, . . . , p}\{4, 5}.
Function I consists of independently generated covariates, while functions II and
III contain varying levels of correlation. Feature selection is therefore expected
to be somewhat more diﬃcult for Functions II and III in contrast to function
I. The ranking methods were compared on the TopX metric: the rank below
which all the true features are included. For example, for Function I, a TopX of
15 indicates that the true six features are included among the ﬁrst 15 selected
covariates; the minimum possible TopX values for the three examples are six, four
and ﬁve respectively. Box-and-whisker plots of the TopX metric for each method
on the three test functions are depicted in Figure 1.
For all the tests functions, the BFR algorithm exhibited the smallest value
of the median TopX metric of all the ranking methods considered. This was
especially evident when the signal-to-noise ratio was larger, indicating that BFR
is able to adapt well to varying levels of noise. Unsurprisingly, all three ranking
methods performed better on function I, especially when SNR=8, in contrast to
functions II and III. The HM algorithm performed better than random forests
and slightly worse than the BFR method on all three test functions considered.
As the amount of noise was decreased (SNR  8), the performance of the three
methods became indistinguishable.
3.2

Real Data

The performance of the three methods was also examined on two real data sets:
(i) the diabetes data set (n = 442, p = 10) downloaded from Trevor Hastie’s
homepage and analysed in [8], and (ii) the communities and crime data set
(n = 319, p = 123) obtained from the UCI machine learning repository. Each
data set was standardised similarly to the simulation data in Section 3.1. As the
second data set contained a number of missing attributes, rows where one or more
variables had missing entries were removed before analysis. The HM, RF and
BH ranking of the p = 10 features for the diabetes data set is shown in Table 1.
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Fig. 1. Comparison of feature ranking methods on three test functions using the TopX
metric
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Table 1. HM, RF and BFR ranking of the ten features in the diabetes data set
Method

HM
RF
BFR

Feature rank
age

sex

bmi

map

tc

ldl

hdl

tch

ltg

glu

3
9
3

9
3
9

4
4
2

7
8
4

8
7
7

10
10
8

5
5
5

1
2
6

6
6
10

2
1
1

The top seven covariates selected by HM and RF were identical though with
a slightly diﬀerent ordering. All three ranking methods selected the bmi and ltg
variables as the two most important features in terms of explanatory power.
The BFR ranking is mostly similar to both HM and RF with one signiﬁcant
exception; BFR ranked the sex covariate much higher than the other ranking
algorithms. Similarly, the BFR procedure ranked glu much lower in contrast to
both HM and RF.
The performance of HM, RF and BFR was also examined on the communities
and crime data set. Here, a ﬁve-fold cross validation procedure was used to
estimate the generalisation error for each of the three methods over 100 test
iterations. The mean squared prediction error for the BFR algorithm is shown
in Figure 2. We notice that the generalisation error decreases sharply as the ﬁrst
few features are added to the model. The generalisation error begins to increase
after approximately 30 features are included and smoothly rises until all p = 123
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Fig. 2. Bayesian feature ranking for the communities and crime data set; standard
errors represented by the shaded area
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features are in the model. Importantly, the generalisation error does not drop
after the ﬁrst 30 features were included which indicates that BFR has included
all the important features in the ﬁrst 30 covariates. For this data set, both HM
and RF algorithms were virtually indistinguishable from BFR and hence omitted
from the plot for reasons of clarity.

4

Conclusion

This paper has presented a new Bayesian algorithm for feature ranking based on
sampling from the posterior distribution of the parameters given the data. The
new algorithm was applied to the linear regression model using both simulated
and real data sets. BFR resulted in reasonable feature ranking in all empirical
simulations, often outperforming random forests and feature ranking by generalised correlation. The excellent performance of BFR suggests that the idea is
worthy of further exploration. Future work includes empirical examination of
the sensitivity of BFR to the choice of Bayesian hierarchy, as well as application
of BFR to feature ranking in classiﬁcation problems.
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